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Abstract: We study the modification to di-Higgs production via gluon fusion within
the context of the Minimal Supersymmetric Standard Model(MSSM) and the Next-to-
Minimal Supersymmetric Standard Model(NMSSM) in the parameter space allowed by
current experimental and theoretical constraints, and also relevant to the Large Hadron
Collider(LHC) experiments in the near future. The calculation is based on the analytical
expression of the leading order Feynman amplitudes (which includes both quark and squark
loops). We separate the di-Higgs production cross section into resonant, non-resonant, and
interference parts, in order to better understand the mechanisms that are responsible for
the modification to di-Higgs production rate in different regions of the allowed parame-
ter space. We also investigate the sensitivity of High-Luminosity LHC (HL-LHC) to the
di-Higgs production in these low energy supersymmetry(SUSY) models. Furthermore, we
examine the complementarity between di-Higgs searches and direct searches for BSM par-
ticles and precision Higgs couplings measurements at the HL-LHC. We found that the
di-Higgs production cross section can be enhanced significantly through resonant produc-
tion. In the region where the resonant production cross section is small, di-Higgs receives
a moderate enhancement due to the modifications in the Higgs couplings. In addition,
there is a strong correlation between di-Higgs production and single Higgs production, and
di-Higgs is not as sensitive as single Higgs at the HL-LHC.
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1 Introduction
The Higgs boson discovery by the CMS and ATLAS experiments in 2012 [1, 2] is the first
and a crucial step in understanding the mechanism of the electroweak symmetry breaking.
The Higgs properties, including the mass, spin, parity, and its couplings to other Standard
Model (SM) particles have been measured with precisions in the subsequent analysis [3–6].
However, we know very little about the Higgs potential. In the SM, the Higgs potential is
V = −µ2φ†φ+ λ(φ†φ)2, (1.1)
which is completely specified by two parameters µ and λ. µ and λ can be determined from
the vacuum expectation value (vev) of the Higgs field, and the mass of the Higgs boson,
but there is no direct measurement beyond that. Thus, the next step in understanding the
shape of the Higgs potential is to measure the Higgs trilinear coupling. The Higgs trilinear
coupling can be probed by the di-Higgs production at the LHC.
Di-Higgs production is sensitive to new physics, including new scalar resonances [7–10],
new colored particles [10–13], and modified Higgs couplings [8, 10, 13, 14], and therefore
can be complementary to direct searches of new particles, and precision Higgs coupling
measurements. In particular, in this paper, we consider di-Higgs production with low
energy supersymmetry (SUSY) models.
In low energy SUSY models, the di-Higgs production rate can be modified through var-
ious mechanisms. First, the Higgs sector is extended by introducing an additional Higgs
doublet, in the Minimal Supersymmetric extension of the SM (MSSM) and an additional
singlet in the Next-to-Minimal Supersymmetric extension of the SM (NMSSM). The ad-
ditional neutral Higgs states can be produced at the LHC and can decay into a pair of
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SM-like Higgs bosons, and therefore contribute to di-Higgs production. Second, the low
energy SUSY models allow the presence of new light colored particles coupled strongly
to the Higgs. Those new colored particles give new QCD loop diagrams contributing to
di-Higgs production [11, 13]. There will be new interference terms arise from those new di-
agrams as well [15, 16]. Third, in SUSY models, Higgs couplings, including Higgs couplings
to SM particles, and the Higgs self-couplings, may present small deviations with respect to
the SM ones, resulting in modified di-Higgs production [13]. The modified couplings also
change the decay of the Higgs, resulting in additional modifications in specific channels. In
this paper, we study the di-Higgs production in the MSSM and the NMSSM, with a focus
on identifying the dominant contribution in different regions of parameter space. We also
study the complementarity between di-Higgs searches and other searches, such as direct
searches for new scalars, and precision Higgs measurements at the HL-LHC.
This article is structured as follows. In section 2, we calculate the leading order di-
Higgs production cross section in the MSSM and the NMSSM. In section 3, we present
the main results of this paper. First, we identify the parameter space that satisfies cur-
rent experimental constraints and theoretical requirements. Then, we show the results of
di-Higgs production cross section in the bb¯τ+τ− and bb¯γγ final states, in those regions.
Furthermore, we study the complementarity of di-Higgs with other searches. We also dis-
cuss the resonant, non-resonant, and interference contributions of the di-Higgs production
in different regions of the parameter space. Finally, we reserve section 4 for a summary of
the main results.
2 Matrix Elements and Cross Sections
The dominant di-Higgs production mode at the LHC is the gluon-gluon fusion (ggF) pro-
cess. In the SM, there are two diagrams contributing to the di-Higgs production at the
leading order, the triangle diagram (diagram (1) in Fig. 1, with Hi = h), and the box
diagram (diagram (2) in Fig. 1). In this section, we calculate the leading order di-Higgs
production cross section σ(pp → gg → hh) at √s = 14 TeV by using the analytical
expressions for one-loop amplitudes of gg → hh in the MSSM and the NMSSM.
2.1 MSSM
The leading order Feynman diagrams contributing to the gg → hh process in the MSSM
at the LHC are summarized in Fig. 1. In the MSSM, there are two neutral CP-even Higgs
bosons and one neutral CP-odd Higgs boson. In this work, we assume that the lighter
CP-even neutral Higgs boson to be SM-like, and denote the SM-like Higgs boson as h, and
the heavy CP-even neutral heavy Higgs boson as H . The heavy Higgs can be produced
through quark and squark loops and can decay to a pair of SM Higgs bosons, as shown
in diagrams (1), (3), and (4) in Fig. 1 with Hi = H . The squarks also lead to new
diagrams that contribute to di-Higgs production, as shown in diagrams (3)-(8) in Fig. 1.
The corresponding spin and color averaged partonic differential cross section is
dσˆ
dtˆ
=
(αs(Q))
2
213pi3
(|A|2 + |B|2) , (2.1)
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Figure 1. Leading order Feynman diagrams for di-Higgs production in the MSSM at LHC. Hi
are CP even Higgs bosons, f are top and bottom quarks, and s, s′ are stops.
where the matrix elements are separated by the helicities of the initial gluons. A(i) are
matrix elements of the i-th diagram in Fig.1 when helicities of initial gluons are identical,
and B(i) are matrix elements of the i-th diagram in Fig.1 when helicities of initial gluons
are opposite. A and B denote the sum of those matrix elements.
A =
∑
Hi=h,H
∑
f=b,t
A(1)(f,Hi) +
∑
f=b,t
A(2)(f) +
∑
Hi=h,H
∑
s=t˜1,t˜2
A(3+4)(s,Hi)
+
∑
s=t˜1,t˜2
A(5+6)(s) +
∑
s
′
=t˜1,t˜2
∑
s=t˜1,t˜2
A(7+8)(s, s
′) ,
B =
∑
f=b,t
B(2)(f) +
∑
s
′
=t˜1,t˜2
∑
s=t˜1,t˜2
B(8)(s, s
′) ,
The matrix elements A(i) and B(i) read,
A(1)(f,Hi) =
gHihhgHiff
mf
F (1/2). (mf)
sˆ−m2Hi + iΓHimHi
(2.2)
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A(2)(f) =
(
ghff
mf
)2
F (1/2) (mf) (2.3)
B(2)(f) =
(
ghff
mf
)2
G(1/2) (mf) (2.4)
A(3+4)(s,Hi) =
gHihhgHiss
2m2s
F (0). (ms)
sˆ−m2Hi + iΓHimHi
(2.5)
A(5+6)(s) = −ghhss
2m2s
F (0). (ms) (2.6)
A(7+8)(s, s
′) =
g2hss′
2m2sm
2
s′
F (0) (ms,ms′) (2.7)
B(8)(s, s
′) =
g2hss′
2m2sm
2
s′
G(0) (ms,ms′) (2.8)
Expressions for the form factors (F., F, G) are given in Appendix A. sˆ, tˆ, uˆ are Man-
delstam variables. We include the dominant fermion contributions from top and bottom
loops, and sfermion contributions from stops and sbottoms. The MSSM couplings(g),
masses(mHi), and decay widths(ΓHi) of Higgs bosons are calculated by using FeynHiggs-
2.14.3 [17–23]. We choose Q = mhh/2, where mhh is the invariant mass of the SM-like
Higgs pair.
We separate the differential cross sections into resonant, non-resonant, and interference
contributions as
dσˆres
dtˆ
=
(αs(Q))
2
213pi3
|Ares|2 , (2.9)
dσˆnr
dtˆ
=
(αs(Q))
2
213pi3
(|Anr|2 + |Bnr|2) , (2.10)
dσˆint
dtˆ
=
(αs(Q))
2
213pi3
(2 Re(Ares ·A*nr)) , (2.11)
where
Ares =
∑
f=b,t
A(1)(f,H) +
∑
s=t˜1,t˜2
A(3+4)(s,H) ,
Anr = A−Ares ,
Bnr = B .
The resonant amplitude is defined such that it has a pole in the region of interest. The
non-resonant amplitude includes all other Feynman diagrams, and the interference cross
section corresponds to the interference between resonant and non-resonant amplitude, as
the name suggests.
The total cross section corresponds to each partonic cross section can be obtained by
using
σ(pp→ gg → hh) =
∫ (14TeV)2
(2mh)2
dsˆ
dLgg
dsˆ
σˆ , (2.12)
where
dLgg
dsˆ
is the differential gluon-gluon luminosity as defined in [24].
– 4 –
2.2 NMSSM
The NMSSM has one extra supermultiplet as compared to the MSSM, i.e. the gauge
singlet chiral superfield Sˆ, which contains one complex spin-0 singlet (S) and one spin-1/2
singlino (S˜). S gives rise to one neutral CP-even Higgs and one neutral CP-odd Higgs.
In this article, we only consider the Z3-invariant NMSSM, which has the scale invariant
superpotential WHiggs given by
WHiggs = λSˆHˆu · Hˆd + κ
3
Sˆ 3 , (2.13)
where WHiggs is the part of superpotential that depends exclusively on Higgs superfields
Hˆu, Hˆd, and Sˆ. In the next paragraph, we will briefly introduce the notations and sign
conventions of relevant NMSSM parameters that appear in this paper. Please refer to the
review paper [25] for more details about the NMSSM.
The first term in Eq. (2.13) replaces the µHˆu · Hˆd term in MSSM superpotential, and
generates the effective µ-term at electroweak scale when S acquires a non-vanishing vev:
µeff = λ〈S〉 . (2.14)
vu and vd are vevs of H0u and H
0
d respectively, and
tanβ =
vu
vd
. (2.15)
Aλ and Aκ are trilinear soft SUSY breaking couplings correspond to the first and second
term in eq.(2.13) respectively. M1, M2, and M3 are soft SUSY breaking masses of U(1)Y
gaugino, SU(2) gauginos, and SU(3) gauginos respectively. We choose tanβ and λ to be
positive, while µeff , κ, Aλ, Aκ can have both signs.
The set of leading order Feynman diagrams for gg → hh in NMSSM is the same as the
MSSM case, except that there are three neutral CP-even Higgs bosons (Hi = H1, H2, H3,
ordered by ascending mass) in NMSSM. Thus, Eq. (2.2-2.8) are still valid in NMSSM case.
The NMSSM couplings, masses, and decay rates of Higgs bosons are calculated by using
NMSSMTools-5.4.1 [26–31].
3 Phenomenological Study
3.1 MSSM
In the MSSM study, for the stops to contribute in a relevant way, the stop should not be
too far away from the weak scale [13]. Therefore, we chose the lighter stop mass to be
600 GeV, which is right above the current LHC limit [32, 33]. To allow for large mixings
in the stop sector, which can enhance the di-Higgs production rate through diagrams (7)
and (8) in Fig. 1, we choose the heavier stop mass to be 5 TeV. The stop mixing parameter
Xt is chosen so that the SM-like Higgs mass is 125 GeV. We calculated the SM-like Higgs
mass using FeynHiggs-2.14.3 [17–23], and found that in the region of interest, there
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always exists a value of Xt such that mh = 125 GeV. Futhermore, Xt cannot be too large
in order to have a stable SM-like vacuum. Here, we use the approximate bound [34].
(Xt +
µ
tanβ
)2 ≤ (3.4(m2Q˜3 +m2t˜R) + 0.5|m2Q˜3 −m2t˜R |) + 60(
m2Z
2
cos 2β +m2A cos
2 β) . (3.1)
We checked that this bound is satisfied by every point in the parameter space that is shown
in Fig.2.
Then we fix the masses and the mixings in the sbottom sector by imposing mt˜R = mb˜R ,
and At = Ab. We ignore the contributions from all other sfermions and electroweakinos.
When the electroweakinos are lighter than mH/2, the heavy Higgs starts to decay to a pair
of electroweakinos, which reduces its branching ratio to a pair of SM Higgs, and therefore
reduces the resonant di-Higgs production cross section. As we aim to understand how large
the di-Higgs production cross section can be at the LHC, we ignore the contributions from
electroweakinos.
Based on those considerations, we keep mA, the mass of the CP-odd Higgs boson, and
tanβ, the ratio between two vevs, as free parameters in our study. The ranges of mA
and tanβ are restricted by several experimental observations and theoretical requirements
as shown in Fig.2. First, the Higgs couplings depend strongly on the mixing between
the SM-like Higgs and the new CP-even Higgs, and in the region of interest, can deviate
significantly from the SM. Therefore, the parameter space is restricted by precision Higgs
measurements, and the most stringent limit comes from the Higgs boson coupling to bottom
quark measurement at ATLAS [6]. The blue shaded region with the thin solid boundary
line is excluded by the precision measurement of Higgs couplings at
√
s = 13 TeV [5, 6].
Second, the heavy Higgs couples to the SM particles, and can be searched for through its
decays. The most sensitive channel is in the di-tau final state, and the blue shaded region
with the thick solid boundary line is excluded by the search for the additional neutral Higgs
bosons in the di-tau final state at
√
s = 13 TeV [35, 36].
We calculate the leading order di-Higgs production cross section as described in the
previous section, and the results are shown in Fig. 3. To account for the modifications in
the Higgs decay, we show the results in the two most sensitive channels, bbγγ and bbττ ,
according to the ATLAS projections [37]. In the region of interest, B(h→ bb¯)B(h→ τ+τ−)
is always enhanced, and it can be enhanced up to 25% compared to the SM value, while
B(h → bb¯)B(h → γγ) is suppressed in most of the parameter space, and it can be
suppressed up to 14% compared to the SM value. The di-Higgs production rate can be
enhanced significantly in the region where mA and tanβ are small. For instance, when
mA = 400 GeV and tanβ = 2, σ(pp → hh → bb¯τ+τ−)/SM = 13.7 and σ(pp → hh →
bb¯γγ)/SM = 11.3. This enhancement is mainly due to the large resonant contribution of
di-Higgs production in this region, which can also be seen in Fig.4. In Fig. 4, we plot the
resonant production of di-Higgs normalized to the SM production rate. The production
rate can be a few of the SM value when mA and tanβ are small, and decreases quickly as
mA and tanβ increase as expected.
Outside the region where di-Higgs production receives a large correction from the
resonant production, the modifications come from the non-resonant production. The non-
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Figure 2. The MSSM parameter space with current experimental constraints and projected
sensitivities. The blue shaded region is excluded by current experiment constraints. The purple
and green shaded region can be reached by HL-LHC. The red solid line represents the case when
resonant cross section equals to non-resonant cross section.
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Figure 3. Contour plots for σ(pp → hh → bb¯τ+τ−) (left panel) and σ(pp → hh → bb¯γγ) (right
panel) normalized to SM value at
√
s = 14 TeV. The cross sections in the shaded regions are outside
the 95% CL of the projected di-Higgs production cross section at HL-LHC.
resonant di-Higgs production is very close to the SM contribution in the whole region
of interest. Our calculations show that κt = ghtt/gSMhtt varies between 0.95 and 1, while
λ3 = (ghhh − gSMhhh)/gSMhhh varies between -0.24 and -0.12 in the parameter space of interest.
The decrease in the SM-like Higgs self-coupling reduces the destructive interference between
the triangle diagram and the fermionic box diagram (i.e. first and second diagram in Fig.1),
hence it enhances non-resonant di-Higgs production cross section. However, this effect is
offset by a small decrease in κt. The box diagram, which dominates over the triangle
diagram, is proportional to κ4t , so the di-Higgs rate is very sensitive to the value of κt.
Therefore, a small decrease in κt offsets the decrease in λ3. As a result, the non-resonant
di-Higgs cross section is only larger than the SM di-Higgs production cross section by a
few percent in most of the parameter space. The interference between the resonant and
non-resonant amplitude is small over the whole parameter space, which we plot in Fig.5.
Contribution from stop loops is less than 3% of the total di-Higgs production cross section.
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Figure 4. Resonant contribution of di-Higgs production cross section (normalized to SM value)
at
√
s = 14 TeV.
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Figure 5. Interference (normalized to SM value) between resonant and non-resonant amplitude
at
√
s = 14 TeV.
Therefore, in the MSSM case, the major modification to di-Higgs production is from the
new resonance, which is the new CP-even neutral Higgs, and the modifications to the
branching ratios.
We also study the complementarity between di-Higgs and other Higgs studies. In
Fig. 2, we compare the projected sensitivity in the bbγγ and the bbττ channels with other
searches. We separate the parameter space into two regions, the one below the red solid line
is dominated by resonant production, while the region above the red solid line is dominated
by non-resonant production. The green shaded region with solid boundary line and the
dashed boundary line show the region that can be excluded by the non-resonant bbττ
and bbγγ searches at HL-LHC with 3000fb−1 respectively. The projected sensitivity for the
resonant production is not available at present, but we do expect that is better compared to
the sensitivity for the non-resonant production. Therefore, the whole green shaded region
can be probed by HL-LHC. The purple shaded region with the dotted boundary line shows
the region can be tested by the projected Higgs boson couplings measurements at HL-LHC
– 8 –
tanβ λ κ Aλ Aκ µeff M1 M2 M3 At Ab Aτ mQ˜3 mL˜3
(in TeV)
min 1 0 -0.7 -1 -1 -0.5 0.1 0.2 1.3 -6 -6 -3 0.6 0.6
max 10 0.7 0.7 1 1 0.5 1 2 7 6 6 3 4 4
Table 1. NMSSM parameter space.
[38]. The purple shaded region with the dashed boundary line shows the projected reach
for the additional neutral Higgs bosons in the di-tau final state at HL-LHC at 95% C.L.
[37]. From Fig.2, a large fraction of the parameter space that is not excluded by current
experimental constraints will be tested by the HL-LHC experiments (i.e. the purple and
green region). The di-Higgs production is not as sensitive as other searches, but provides
a complementary probe at the HL-LHC.
3.2 NMSSM
In the NMSSM study, we perform a random scan over the NMSSM parameter space using
NMSSMTools-5.4.1 as there are more relevant parameters. A similar study can be found
in [39]. The range of the parameters is as shown in Tab.1. We also assume
mt˜R = mQ˜3 , mτ˜R = mL˜3 , mb˜R = 3 TeV , (3.2)
although we expect the sfermion contributions are negligible, as in the MSSM case. We
require the mass of one of the NMSSM neutral CP-even Higgs bosons to be 125.26±3 GeV
to accommodate experimental and theoretical uncertainties up to 3 GeV. Besides that, λ
and κ have to be sufficiently small so that perturbation theory remains valid. Here, we
use [40]
λ2 + κ2 < 0.72 . (3.3)
Constraints from collider experiments (LEP, Tevatron, LHC) and dark matter direct de-
tection experiments are also checked by using NMSSMTools-5.4.1 [26–31, 41–43]. All
points in Fig.6 also satisfy the constraint on dark matter relic density from Planck mea-
surement [44] (including +10% uncertainty in theoretical calculation)
Ωχ˜01h
2 ≤ 0.131 . (3.4)
Our results for the NMSSM are shown in Fig.6, for each points surviving all constraints,
we plot the di-Higgs production cross section in the bbτ+τ− channel (upper panel) and the
bbγγ channel (lower panel). In the region of interest, B(h → bb¯)B(h → τ+τ−) can be
enhanced up to 16% compared to the SM value, and B(h → bb¯)B(h → γγ) can be
suppressed up to 10% compared to the SM value. The NMSSM di-Higgs production cross
sections can be enhanced significantly compared to the SM. Similar to the MSSM case, the
interference between the resonant and non-resonant amplitude and the contributions from
squark loops are small over the whole parameter space. When the new CP-even Higgs
states are light, the dominant contribution is from resonant di-Higgs production. The
resonant di-Higgs rate can be a few times the SM rate. The non-resonant contribution of
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Figure 6. Scatter plots for σ(pp→ hh→ bb¯τ+τ−) (upper panel) and σ(pp→ hh→ bb¯γγ) (lower
panel) normalized to SM value as a function of the SM-like Higgs boson production cross section via
gluon-gluon fusion, with the SM-like Higgs boson decaying into γγ pair. All points satisfy current
experimental constraints. The horizontal line is the 95% CL upper limit of the projected di-Higgs
production cross section at HL-LHC. The vertical lines are the 95% CL limits of the projected
σ(ggF, h → γγ) at HL-LHC. The magenta dots are outside the 95% CL of the projected SM-like
Higgs boson production cross sections via other production modes and decay modes at HL-LHC.
The blue dots are outside the 95% CL of the projected search for the additional neutral Higgs
Bosons in the di-tau final state at HL-LHC.
di-Higgs production is generally enhanced by 20% to 60%, which comes from the decrease
in the SM-like Higgs self-coupling. In the region of interest, δ3 generally varies between
-0.3 and -0.58, resulting in the 20% to 60 % enhancement in the non-resonant production.
Here we use the projected sensitivity of the non-resonant production, and we expect it to
– 10 –
be better for resonant productions. Unlike the MSSM case, κt is very close to unity in the
NMSSM case, and therefore, the enhancement due to the suppression in λ3 is not offset
by the suppression in κt. In most of the parameter space, the di-Higgs rate is enhanced
through the suppression in λ3.
The horizontal lines in Fig.6 show the projected sensitivity at the HL-LHC for the
bbττ channel (upper panel), and the bbγγ channel (lower panel). Most points lie below
the horizontal lines, meaning the HL-LHC di-Higgs production measurements have very
limited sensitivity in most regions of interest.
We also study the complementarity between di-Higgs and other Higgs measurements.
In terms of precision Higgs measurements, we found that h → γγ from gluon fusion is
the most sensitive channel among all Higgs boson production modes and decay channels
at the HL-LHC. To compare with precision Higgs measurements, we plot the h → γγ
cross section from gluon fusion and overlay the projected sensitivity in this channel as the
vertical lines at the HL-LHC. The h→ γγ measurement can probe a large fraction of the
parameter space, and almost all points that can be tested by the di-Higgs measurement,
can be tested by the h→ γγ measurement. To consider the sensitivity in precision Higgs
measurements, we use magenta dots to represent points that can be tested by other Higgs
coupling measurements. Most points that can be tested by the h → γγ measurement
can be probed by other Higgs measurements as well, such as h → ZZ and h → WW
measurements.
For direct searches of the heavy Higgs, we found that the search for heavy neutral Higgs
bosons in the di-tau final state at HL-LHC [37] is a good complementary probe. We use
blue dots to represent the points that can be tested in the heavy Higgs to di-tau channel.
From Fig.6, we can see that many blue dots lie between the two vertical lines, and below the
horizontal line, showing direct searches of a heavy Higgs provides a complementary probe
to precision Higgs and di-Higgs measurements. Combining di-Higgs, precision Higgs, and
direct searches of the heavy Higgs, a large set of parameter points can be tested at the
HL-LHC.
4 Conclusions
In this work, we have calculated the di-Higgs production cross section in the MSSM and
the NMSSM at the one loop level. We include the possible resonant contribution from
new CP-even neutral Higgs states, new colored particles, and possible modifications in the
Higgs couplings. We found that in both cases, the di-Higgs production can be enhanced
significantly through a new resonance. As the new CP-even neutral Higgs bosons become
heavy, di-Higgs production only enhances moderately due to the suppression in the Higgs
self-couplings. The di-Higgs rate in the bbτ+τ− final state can be further enhanced through
the enhanced branching ratios. Given the current stop limit, we found the contributions
from stops and other sfermions are small. Also, the interference effect is found to be small.
We further study the complementarity of di-Higgs measurement to other Higgs studies,
including the precision measurement of the Higgs couplings and the search for new Higgs
bosons. We found that there is a strong correlation in di-Higgs production rate and single
– 11 –
Higgs production rate, especially outside the region where resonant di-Higgs dominates.
Due to the complexity of the signature, and the small production cross section, di-Higgs
measurements are not as sensitive as single Higgs measurements. The direct searches to
new Higgs bosons, on the other hand, provide a complementary probe.
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A Form Factors
For the partonic process g(p1)g(p2)→ h(k1)h(k2),
F (1/2). (mf) =
2m2f
sˆ
[2 + (4m2f − sˆ)C0(0, 0, sˆ,m2f ,m2f ,m2f)] , (A.1)
F (1/2) (mf) =
2m2f
sˆ
{
m2f(8m
2
f − sˆ− 2m2h)
[D0(0, 0,m
2
h,m
2
h, sˆ, uˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f) +D0(0, 0,m
2
h,m
2
h, sˆ, tˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f)
+D0(0,m
2
h, 0,m
2
h, tˆ, uˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f)]
+
uˆtˆ−m4h
sˆ
(4m2f −m2h)D0(0,m2h, 0,m2h, tˆ, uˆ,m2f ,m2f ,m2f ,m2f)
+ 2 + 4m2fC0(0, 0, sˆ,m
2
f ,m
2
f ,m
2
f)
+
2
sˆ
(m2h − 4m2f)[ (tˆ−m2h)C0(0,m2h, tˆ,m2f ,m2f ,m2f)
+ (uˆ−m2h)C0(0,m2h, uˆ,m2f ,m2f ,m2f) ]
}
, (A.2)
G(1/2) (mf) =
m2f
sˆ
{
2(8m2f + sˆ− 2m2h){
m2f [D0(0, 0,m
2
h,m
2
h, sˆ, uˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f) +D0(0, 0,m
2
h,m
2
h, sˆ, tˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f)
+D0(0,m
2
h, 0,m
2
h, tˆ, uˆ,m
2
f ,m
2
f ,m
2
f ,m
2
f)]− C0(m2h,m2h, sˆ,m2f ,m2f ,m2f)
}
− 2{sˆC0(0, 0, sˆ,m2f ,m2f ,m2f) + (tˆ−m2h)C0(0,m2h, tˆ,m2f ,m2f ,m2f)
+ (uˆ−m2h)C0(0,m2h, uˆ,m2f ,m2f ,m2f)
}
+
1
ut−mh4
{
sˆuˆ(8uˆm2f − u2 −m4h)D0(0, 0,m2h,m2h, sˆ, uˆ,m2f ,m2f ,m2f ,m2f)
+ sˆtˆ(8tˆm2f − tˆ2 −m4h)D0(0, 0,m2h,m2h, sˆ, tˆ,m2f ,m2f ,m2f ,m2f)
+ (8m2f + sˆ− 2m2h)
{
sˆ(sˆ− 2m2h)C0(0, 0, sˆ,m2f ,m2f ,m2f)
+ sˆ(sˆ− 4m2h)C0(m2h,m2h, sˆ,m2f ,m2f ,m2f)
+ 2tˆ(m2h − tˆ)C0(0,m2h, tˆ,m2f ,m2f ,m2f)
+ 2uˆ(m2h − uˆ)C0(0,m2h, uˆ,m2f ,m2f ,m2f)
}}}
(A.3)
F (0). (ms) =
−2m2s
sˆ
(1 + 2m2sC0(0, 0, sˆ,m
2
f ,m
2
f ,m
2
f)) (A.4)
F (0) (ms,ms′) =
−4m2sm2s′
sˆ
{m2h − tˆ
2sˆ
[C0(m
2
h, 0, tˆ,m
2
s′ ,m
2
s,m
2
s) + C0(m
2
h, 0, tˆ,m
2
s,m
2
s′ ,m
2
s′)]
+
m2h − uˆ
2sˆ
[C0(m
2
h, 0, uˆ,m
2
s′ ,m
2
s,m
2
s) + C0(m
2
h, 0, uˆ,m
2
s,m
2
s′ ,m
2
s′)]
+
1
2
(m2s′ −m2s +
uˆtˆ−m4h
sˆ
)D0(m
2
h, 0,m
2
h, 0, tˆ, uˆ,m
2
s′ ,m
2
s,m
2
s,m
2
s′)
+m2s[D0(m
2
h, 0,m
2
h, 0, tˆ, uˆ,m
2
s′ ,m
2
s,m
2
s,m
2
s′) +D0(m
2
h,m
2
h, 0, 0, sˆ, tˆ,m
2
s,m
2
s′ ,m
2
s,m
2
s)
+D0(m
2
h,m
2
h, 0, 0, sˆ, uˆ,m
2
s,m
2
s′ ,m
2
s,m
2
s)]
}
(A.5)
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G(0) (ms,ms′) =
−2m2sm2s′
sˆ(m4h − uˆtˆ)
{
sˆ(2m2s − 2m2s′ + tˆ+ uˆ)C0(0, 0, s,m2s,m2s,m2s)
− 2tˆ(m2h − tˆ)C0(m2h, 0, tˆ,m2s′ ,m2s,m2s)− 2uˆ(m2h − uˆ)C0(m2h, 0, uˆ,m2s′ ,m2s,m2s)
− (m2h − tˆ)(m2s −m2s′)[C0(m2h, 0, tˆ,m2s,m2s′ ,m2s′) + C0(m2h, 0, tˆ,m2s′ ,m2s,m2s)]
− (m2h − uˆ)(m2s −m2s′)[C0(m2h, 0, uˆ,m2s,m2s′ ,m2s′) + C0(m2h, 0, uˆ,m2s′ ,m2s,m2s)]
+ (2m4h − tˆ2 − uˆ2)C0(m2h,m2h, sˆ,m2s,m2s′ ,m2s)
+ [−sˆ(m2s −m2s′)2 + (m2s +m2s′)(m4h − uˆtˆ)][D0(m2h, 0,m2h, 0, tˆ, uˆ,m2s′ ,m2s,m2s,m2s′)
+D0(m
2
h,m
2
h, 0, 0, sˆ, tˆ,m
2
s,m
2
s′ ,m
2
s,m
2
s) +D0(m
2
h,m
2
h, 0, 0, sˆ, uˆ,m
2
s,m
2
s′ ,m
2
s,m
2
s)]
− [sˆtˆ2 + (m2s −m2s′)(2sˆtˆ+ uˆtˆ−m4h)]D0(m2h,m2h, 0, 0, sˆ, tˆ,m2s,m2s′ ,m2s,m2s)
− [sˆuˆ2 + (m2s −m2s′)(2sˆuˆ+ uˆtˆ−m4h)]D0(m2h,m2h, 0, 0, sˆ, uˆ,m2s,m2s′ ,m2s,m2s)
}
(A.6)
where
sˆ = (p1 + p2)
2 , (A.7)
tˆ = (p1 − k1)2 , (A.8)
uˆ = (p1 − k2)2 , (A.9)
and C0 and D0 are scalar three-point and four-point functions of one-loop integrals, defined
as
C0(p
2
1, p
2
2, (p1 + p2)
2,m21,m
2
2,m
2
3)
=
µ4−D
ipiD/2rΓ
∫
dDq
[q2 −m21][(q + p1)2 −m22][(q + p1 + p2)2 −m23]
, (A.10)
D0(p
2
1, p
2
2, p
2
3, p
2
4, (p1 + p2)
2, (p2 + p3)
2,m21,m
2
2,m
2
3,m
2
4)
=
µ4−D
ipiD/2rΓ
∫
dDq
[q2 −m21][(q + p1)2 −m22][(q + p1 + p2)2 −m23][(q + p1 + p2 + p3)2 −m24]
,
(A.11)
where
rΓ =
Γ2(1− )Γ(1 + )
Γ(1− 2) , D = 4− 2 . (A.12)
The integrals are independent of µ in the limit  → 0. We follow the conventions for
momenta as stated in the manual of LoopTools-2.15 [45].
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